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HARMONIC DIFFEOMORPHISMS BETWEEN
HADAMARD MANIFOLDS

PETER LI, LUEN-FAI TAM AND JIAPING WANG

ABSTRACT. In this paper, we study the Dirichlet problem at infinity for har-
monic maps between complete hyperbolic Hadamard surfaces. We will address
the existence and uniqueness questions relating to the problem. In particular,
we generalize results in the work of Li-Tam and Wan.

0. INTRODUCTION

In a series of papers [L-T 1], [L-T 2] and [L-T 3], the first two authors consid-
ered the existence, uniqueness and boundary regularity theory for the Dirichlet
problem at infinity for proper harmonic maps between hyperbolic spaces. If
we denote H™ to be the m-dimensional hyperbolic space with constant —1
sectional curvature, then using the Poincaré disk model, we can represent H™
by the unit m-disk D™ endowed with the Poincaré metric dsn = =5m3ds3

where p denotes the Euclidean distance to the origin and ds? is the Euclidean
metric. The geometric compactification is given by the natural compactification
of D™ by the unit (m — 1)-sphere S”~!. Using this identification, a map from
S™-! to §"~! can be viewed as a map from infinity of H™ to infinity of H".
Let us summarize some of the results in [L-T 1], [L-T 2] and [L-T 3] as follows:

Theorem (Li-Tam). Let ¢ : S~V — S"=1 pe a C' map which has nowhere
vanishing energy density. Then there exists a unique harmonic extension h :
H™ — H" of ¢ which isin CY(D™, D"). Also, if ¢ isin Ck-2(Sm=1D §r-D)y,
for some 1 < k < m and some 0 < a, then h isin Ck-?(D™,D") for some
O<y<a.

We would like to mention that the existence part of this theorem for the
special case when m =2 = n and for C3 boundary maps which have nowhere
vanishing energy density was independently proved by Akutagawa [A].

Using a different point of view, Wan [W] studied harmonic diffeomorphisms
between hyperbolic 2-spaces via their associated Hopf differentials. By using the
fact that [C-T] the Gauss map of a constant mean curvature cut in a Minkowski
space-time is a harmonic map into hyperbolic space, Wan established that there
is a one-to-one correspondence between the set of equivalent classes of constant
mean curvature cuts and the equivalent classes of quadratic differentials in H?2.
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The equivalent relation on the set of constant mean curvature cuts is given by
the isometries and the equivalent relation on the set of quadratic differentials is
given by composition with Mobius transformations. In the second part of his
paper, Wan also proved that:

Theorem (Wan). Let h : H2 — H? be an orientation preserving harmonic dif-
Sfeomorphism of hyperbolic 2-spaces. Then h is quasi-conformal if and only if h
has uniformly bounded energy density.

In this paper, the authors will, to some extent, generalize the above theo-
rems to the class of hyperbolic Hadamard surfaces which are complete, sim-
ply connected, Riemannian surfaces with Gaussian curvature K bounded by
—k < K <0 for some constant 0 < k and have positive lower bounds for their
spectra. In the first section, we will show that a hyperbolic Hadamard surface
is quasi-isometrically and conformally equivalent to the hyperbolic 2-space H?
with constant curvature —1. Part of the argument (Theorem 1.1) which involves
estimating the energy density of a conformal map from H? into a hyperbolic
Hadamard surface can be generalized to higher dimension and is interesting in
its own right.

In §2, we will show that (Corollary 2.1) if #: M — N is a harmonic diffeo-
morphism between two hyperbolic Hadamard surfaces, then ~ has uniformly
bounded energy density if and only if %4 is quasi-conformal. This generalizes
Wan’s theorem to this category of surfaces.

In the point of view of solving the Dirichlet problem at infinity, we will
consider the existence theory in §3. Since a hyperbolic Hadamard surface is
quasi-isometrically and conformally equivalent to H?, we can identify its geo-
metric boundary with S!. Let M and N be two hyperbolic Hadamard surfaces.
For some 0 < a,let ¢:S! - S! bea C!>* map which has nowhere vanishing
energy density, then we will show that (Corollary 3.1) ¢ has a harmonic exten-
sion h: M — N which is C!:? up to the boundary for any 0 < y < a. Note
that we have not been able to prove the existence theorem for C! boundary
maps. This is due to the fact that we are not assuming that the target manifold
has strictly negative curvature.

Finally, in §4, we will prove a uniqueness theorem similar to the above stated
theorem of Li-Tam. We will show that if A;, h, : M — N are two harmonic
maps between two hyperbolic Hadamard surfaces which are C! up to the
boundary and share the same boundary map ¢ that has nowhere vanishing
energy density, then h; = h,.

The authors would like to thank Tom Wan for many valuable discussions
and his interest in this work.

1. QUASI-CONFORMALITY IMPLIES BOUNDED ENERGY

Theorem 1.1. Let M be a complete n-dimensional manifold with Ricci curvature
bounded from below by —(n— 1)k, for some constant kp > 0. Suppose N isan
n-dimensional manifold with non-positive sectional curvature and that the lower
bound of the spectrum of N is positive and bounded by A >0. If h- M — N is
a quasi-conformal harmonic diffeomorphism from M onto its image, then there
exists a constant C(n, Ky, A, p) > 0 depending only on n, kp, A, and the
quasi-conformal constant u, such that e(h) < C.
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Proof. The fact that A > 0 is the lower bound of the spectrum of N implies
that

[ 1vnsraviza [ savy
N N

for all smooth functions f with compact support on N. Let g be a smooth
function with compact support. Suppose n > 2, forany a > 1, let f = g
and apply Schwarz inequality, we have

2

n—2
o? (/ |8l 2.;':zfndVN) (/ |VNg|"dVN>
N N

>a? [ |aVnalavy
= [ 1V iavy
N

> / Igld V.
N

By choosing o = 4, this implies that

AN
/|VN8|"dVNZ (T\/—) /|g|"dVN-
N N

The above inequality is obviously true for n = 2. Using the fact that 4 is a
diffeomorphism, the inequality can be written as

/IV~¢oh " d Wy >( ) /|¢ W dVy

for all smooth functions ¢ with compact support on M. The chain rule and
the identity d(h~!) = (dh)~! assert that if

a(x) = inf |dh(v)|

{veM; | vl=1}
then
IVa (o h™)](x) < @™ (x)|Val(x).
Observe that the Jacobian J(h) of h is given by dVy = J(h)dVy and
M)%

n

a(x)" < J(h)(x) < (

On the other hand, quasi-conformality implies that
e(h)(x) < (14 (n—Dpd)a(x)>.

Hence

e()(x) \! (1+ (n - Dud)a(x)?\ !
((1+(n—1)ﬂ2)) 5"")"‘)3( n )

We conclude that

n 2\/1 ’ n 2
() [ Vwdrdvi > (ﬁ(mn_l)ﬂz)) | 1oretwas.
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For a fixed point p € M, let us choose ¢ to be a smooth function supported
on B,(2) with the property that
(1) ¢=1 on By(l),
(2) $>0 on M, and
(3) VM9l <3 on M.

Applying (1.1) to ¢, we have

n 2\/I ! 2
3Vx(2) 2 (ﬁ(l +(n— 1)#2)) /B,,(l)e(h) 4Vit-

On the other hand, since 'M has Ricci curvature bounded from below by
—(n — 1)xp, the volume comparison theorem implies that V5(2) <
C(n, kp)Vx(1), for some constant depending only on n and x,s. Hence there
exists a constant Cy(n, kpr, 4, 4) > 0 such that

C > me-l/ e(h)}.
B, (1)

Since 4 is a harmonic map, the Bochner formula for the energy density gives
the inequality

Ae(h) > —(n — Dkpre(h).
Applying the mean value inequality as obtained in [L-T 1], we conclude that
there exists a constant Cy(n, Kpr, A, 1) > 0 such that

G, > e(h)(p)
for all p € M. Hence the theorem is proved.

Corollary 1.1. Let M be a complete surface with metric given by dsi, and has
Gaussian curvature bounded from below by —kys for some constant Ky > 0.
Suppose N is another surface with metric given by ds% which has non-positive
curvature and a positive lower bound A for the spectrum. If M and N are
conformally equivalent given by a conformal map h: M — N, such that

h*(dsk) = wdsj
Sfor some positive function w. Then there exists a constant C(ky, A) > 0 de-
pending only on Ky and A such that w < C(kp, A).

Proof. The corollary follows from Theorem 1, the facts that a conformal map
is harmonic in dimension 2 and the energy of % is given by .

Corollary 1.2. Let M be a complete surface which has non-positive Gaussian
curvature and is also bounded from below by —iys for some Ky > 0. Suppose
the universal covering M of M has a positive lower bound for the spectrum,
then there exists a complete surface N with constant —1 curvature that is quasi-
isometrically and conformally equivalent to M. Moreover, any two hyperbolic
Hadamard surfaces must be conformally and quasi-isometrically equivalent to
each other.

Proof. The uniformization theorem asserts that M is conformally equivalent
to a complete surface with constant —1 curvature. Let A : M — N be the
conformal map. Consider /# : M — H? to be the lift of 4 to the universal
coverings of M and N. We can write

h*(dsk.) = wds?,.
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Applying Corollary 1.1 to A~! : H2 — M, we conclude that y~' is bounded
from above. On the other hand, a generalized Schwarz lemma of Yau [Y]
asserts that ¥ < k. Hence y is uniformly bounded away from O and oc.
This proves the first part of the Corollary. When M is simply connected, N
can be taken to be the hyperbolic space and the second part of the Corollary
follows immediately.

2. BOUNDED ENERGY IMPLIES QUASI-CONFORMALITY

Theorem 2.1. Let M be a hyperbolic Hadamard surface, and N be a complete
simply connected surface with Gaussian curvature Ky satisfying

0>Kny > —kn

for some constant ky > 0. Suppose h : M — N is a harmonic diffeomor-
phism from M onto N. Then h is quasi-conformal if its energy density e(h)
is uniformly bounded.

Proof. Let us first observe that in dimension 2, harmonicity is a conformal
invariant for the domain manifold. On the other hand, by the uniformization
theorem, M is conformally equivalent to the hyperbolic space. If we write the
hyperbolic metric as ds? = ydsi,, then the energy density &(h) of h with
respect to the hyperbolic metric is given by &(h) = y~!e(h). By Corollary 1.2,
v is uniformly bounded away from 0 and oo. Therefore it suffices to prove
the theorem for M being the hyperbolic space.

In this case, Wan’s argument [W] with some slight modifications will provide
the proof. We will give an outline here for the sake of completeness. Using the
same notation as in [W], in terms of local holomorphic coordinates, we have

Alog|dh| = —Kn(|0h)? — |8h[?) — 1
= —Kn|0h*(1 - p?) -1

2.1)

where u = {%ﬂ is the local quasi-conformal constant. The fact that 4 is a
diffeomorphism implies that
J(h) = |0h> - |3h* >0,
hence
u<l.
To establish the fact that / is quasi-conformal, we need to prove that 4 < 1—¢
for some € > 0. If we write w = log|dh|, then (2.1) becomes
(2.2) e A(—w) = Ky (1 — p?) + e 2,
Let us define a new metric by d§? = |0h|?ds3,. Since h is a diffeomorphism
(see page 10 of [S]), the pull-back metric h*(ds3) is dominated from above by
2d5?, hence d§? is also a complete metric. In terms of the Laplacian of the
metric d§2, equation (2.2) can be written as
A(—w) =Ky (1 — u?) + e 2.
The generalized maximum principle of [C-Y] implies that —w is bounded from
above with the upper bound given by

Ky >e 2w,
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Therefore i
oA > —.
KN

The assumption that 4 has bounded energy density and the identity
e(h) = |0h|* + |9h)?

implies that |94|? is also bounded from above. It follows that d3? is uniformly
equivalent to ds3,. For any given a > 0, there exists ro > 0 such that the
volume of geodesic balls for the metric ds3, satisfies

Vi(r) > exp(ar)

for any r > ry and x € M. Hence there exists r; > 0 such that this estimate
on the volume is also valid for the metric d§? for all r > r; and for all x € M.
However, (2.1) implies that the Gaussian curvature for the metric d§? is given
by

(23) K = Kn(1 - p?)

which is non-positive and bounded from below by —xy. Hence, the simply
connected manifold M together with the metric d§? has no cut-points. Gauss-
Bonnet asserts that

(2.4) ) f<=—/~ kg +2m
By (r) 9Bx(r)

where k, is the geodesic curvature with respect to the unit outward normal
vector and B(r) is the geodesic ball centered at x with radius r for the metric
d§?. However, the fact that d§2 has no cut-points implies that

/ &, = V()
oB,) - Or
Hence, together with (2.4), we conclude that
~ ’ l ~
mn://(n—/ K)
o Jo B.(r)
The exponential estimate of V,(r) implies that

ean < [ (5= [ &)

for r > r;. The non-positivity of K imples that for a fixed sufficiently large r,
we have

K < —KN
By(r)
for all x. Together with (2.3) this implies that
(2.5) | a-wz
' Bx(r)

On the other hand, a direct computation as in [W] shows that
Alogp = Knoh|*(1 - u?)
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where A is the Laplacian on M with respect to the metric d§?. Hence, in
terms of the metric d§? we can write this as

Al - p?) < —2Kn(1 — p?) < 2kn(1 — p?).

Since d§? is quasi-isometric to the hyperbolic space, the de-Gorgi-Nash-Moser
theory asserts that there is a constant C > 0 such that

1-p?(x)>C | (1-u?).
Bx(r)

Applying (2.5), we conclude that u is uniformly bounded away from 1, and
that A is quasi-conformal.

Combining Theorems 1.1 and 2.1 and lifting the harmonic map to the uni-
versal coverings, we obtain the following generalization of Wan’s theorem.

Corollary 2.1. Let M and N are surfaces whose universal coverings M and N
are hyperbolic Hadamard surfaces. Let h : M — N be a harmonic diffeomor-
phism from M onto its image which induces an injection of n,(M) into n,(N).
Then h is quasi-conformal if and only if its energy density is uniformly bounded.

3. EXISTENCE THEORY

Let ds? and d5? = e ds? be two conformally equivalent metrics defined on
an n-dimensional Riemannian manifold N. Suppose M is an m-dimensional
Riemannian manifold and # : M — N isa C? mapping from M into N. Let
{6i}1<i<m be orthonormal coframes of the manifold M. The first structural
equations are given by

do; =0; 1A /) j
with
0,' j = -6 Jie
Similarly, let {ws}i1<a<n be orthonormal coframes of the manifold N with re-
spect to the metric ds?, and {@,}1<a<n be orthonormal coframes with respect
to the metric d32. Since d5? = e?“ds?, the coframes can be taken to be

(3.1) W, = e" w,.
Their first structural equations are given by

dw, = Wep N g, Wop = —Wgq
and

dw, = @.p N g, Wop = —@pq.
Direct computation yields that
(3.2) Wop = Wop + Ua Wg — U Wy

Fora C? map h: M — N, the energy densities of 4 with respect to the
two metrics ds? and ds? are given by

e(h) = Y (aui)?

a, i
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and
e(h) = Z(aa,-)z,

where a,; and a,; are defined by

h*(we) = aai 0;
and

h*(@q) = 8qi 6;-
By (3.1), we conclude that
(3.3) Boi = € ag;.

The tension field of 4 with respect to the metric ds? in terms of the orthonor-
mal coframes {w,} is given by
Ta = Z Qaii
i

where a,;; is determined by the expression
Zaa,‘j 01' =da,; — Eaaj 0,']' + zaﬂi h*(wpa).
J J B

Similarly, the tension field of 4 with respect to the metric d5? in terms of the
orthonormal coframes {@,} is given by

To = zaaii
i
with
(3.4) > aij 0 =dawi =Y 8. 0i+ Y ag: h* (®pa).
J J B

Exterior differentiating (3.3) yields
da, = e*"day; + e (ug o h) ag; aq; 0.
Substituting this, (3.2) and (3.3) into (3.4) gives

Zdaij 01‘ = e“°" Zaai,- 0j
J J

+ e¥oh ((uﬂ ° h)apj Qni + (uﬁ oh) ag; aaj — (Ug © h)aﬁi dﬂj) ej.

Hence the tension fields are related by

(3.5) T, = ek (ra +2) (ugoh)ag;aa; — (Ua o h) Z(aﬁi)z) .
p’ i p’ i

Let us now consider the case when N is a complete simply connected surface
with Gaussian curvature satisfying —xy < Ky < 0 for some constant xy > 0.
We assume that N is given by the unit disk D? in R? with metric ds? =
e?ds2, , where ds2, is the hyperbolic metric, and that u is bounded. Let ¢
be a conformal map which maps the upper half-space of R? to D?, then N
can also be identified as the upper half-space with metric e2“°¢’ds]2{2 . If we use
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the Poincaré disk model for N, so that the metric of N is ds? = z%"r);dsg s

where dsg is the Euclidean metric on D2, and r is the Euclidean distance to
the origin, then

ANu =-1 —KNez".
By the assumption that both # and Ky are bounded and using Corollary 1.2,
we have

(3.6) Au=0((1-1)7?),
and by Theorem 3.9 in [G-T], this implies that
(3.7) IVoul =0 ((1-n7"),

where A is the Euclidean Laplacian and V is the Euclidean gradient. We are
now ready to prove an existence theorem for the Dirichlet problem at infinity
from H? to N.

Theorem 3.1. Let H2 be the standard 2-dimensional hyperbolic space. Let N
be a complete surface such that N = (D2, ds?), where ds* = e*dsk,, and
dsflz is the hyperbolic metric. Suppose u is uniformly bounded in D?, and the
Gaussian curvature of N satisfies the bound —ky < Ky < 0 for some constant
ky > 0. Let ¢:S! = S! bea C''* map from the standard circle to itself which
has nowhere vanishing energy density for some 0 < a < 1. If the geometric
boundary of H? at infinity with respect to the hyperbolic metric is identified with
S!, then there exists a harmonic map h : H> — N such that h = ¢ on S'.
Furthermore, if h is viewed as a map from D’ to D, then h is C'-7 up to the
boundary for all 0 < y < a.

Proof. Theorem 4.2 of [L-T 2] asserts that there exists a solution h to the
Dirichlet problem for harmonic map from H? into H? such that £ = ¢ on S!.
Moreover, / has bounded energy density with respect to the hyperbolic metric
on D? and hence also with respect to the metric ds? on N. In addition, 4 is

C':7 up to the boundary for all 0 < y < o, when viewed as a map from D’

to D°. The formula (3.5) between the tension fields of h with respect to the
hyperbolic metric and the metric ds?> on D? implies that

Ta(it) = euOh (2 Z(uﬁ ° il)aﬁi Anj — (Ug © il) Z(aﬂi)2> s
B.i B,i

where o = 1, 2, and 7, is the component of the tension field of Zz with
respect to the metric ds* in N. However, by Lemma 1.3 of [L-T 2], # must
be conformal on the boundary S!, and if H? is identified with D? with metric
o ds§ where dsj is the Euclidean metric, then

- 1-p(p)
3.8 Cl<—22 <C
) = T=r(ho)

for some constant C > 0. Since 4 is C!»?, when computed in terms of the
hyperbolic metric

(3.9) |ag: — il = O((1 - p)")
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as p tends to the geometric boundary of H?. By (3.5)-(3.9), we have
(3.10) llz(h)ll = O((1 - ")

as p — oco. This implies that ||t(h)|| € LI(H?) for sufficiently large g. By
Theorem 5.2 of [L-T 1], h can be deformed to a harmonic map A : H> —» N
which has ¢ as a boundary map. In order to prove that 4 is C!:? up to the
boundary, note that by Theorem 5.2 of [L-T 1], 4 has bounded energy density
and dy(h(p), h(p)) — 0 as p — oo. Using the fact that Ky < 0, we may
proceed as in the proof of Lemma 3.3 in [L-T 2] to obtain

(3.11) |h(p) — h(p)| = O ((1 - p(p))'*" log (1_—2(1,—)»

as p — oo. If we use the upper half-space models for H? and N, and write

h(x,y) = (f(x,), &(x,y)) and h(x,y) = (f(x,), g(x,y)) with y >0
and g, g2 >0, then

312 fof = u (Yol = 9f) -2 (12~ £ ) (Vo Vag)
and

613 dog == (- 1) (IVosl - VafP?) - 2ui(Vof , Vos),

where u; = 37“oh and u; = g—goh. By (3.11), it is easy to see that g(x, y) and
&(x,y) are comparable as y — 0. Since s has bounded energy density, so f
and g have bounded Euclidean gradients near y = 0 for bounded x. Using
these facts and (3.11)—-(3.13), one can proceed as in the proof of Theorem 4.2
in [L-T 2] and show that 4 is C!:”' up to the boundary for all 0 < y' < y.
This completes the proof of the theorem.

Corollary 3.1. Let M and N be hyperbolic Hadamard surfaces. Then according
to Corollary 1.2, M and N are quasi-isometrically and conformally equivalent
to H2. Let ¢:S' —S! bea C':® map from the standard circle to itself which
has nowhere vanishing energy density for some 0 < a < 1. If the geometric
boundaries of M and N at infinity are identified with S', then there exists a
harmonic map h: M — N such that h = ¢ on S'. Furthermore, if h is viewed

as a map from D’ to D, then h is C'7 up to the boundary forall 0 < y < a.

4. UNIQUENESS THEORY

Let N be a hyperbolic Hadamard surface. Then by Corollary 1.2, N is
given by the unit disk D in R? with metric ds? = e?ds},, where ds, is
the hyperbolic metric. Suppose ¢ is a conformal map which maps the upper
half-space of R? to D?, then N can also be identified as the upper half-space
with metric e2“°¢ds2, .

Lemma 4.1. Let qy be a boundary point at infinity of N. Using the upper
half-space model for N, we may assume qo = (fy, 0). Let us denote U to
be the intersection of the Euclidean ball By (r) with the upper half-space, for
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some r > 0. Given an € > 0 there is a constant 0 < B < 1 such that for all
9=(/,8), 4=(f,8) in U and |q - §| < Bg, we have

|&Vou(q) — &gVou(g)| <e.
Proof. As in the proof of Theorem 3.1, using the fact that u is bounded and

Aou = O(g~?%) where A is the Euclidean Laplacian, Theorem 3.9 in [G-T]
asserts that there are constants C;, C; > 0 such that forall ¢ =(f, g) in U,

(4.1) sup |u|+ g sup |Vou|+ g2 sup |Aou| < C

By(42) By(}8) By(428)
and

d?,
- |Vou(q) — & Vou(q)|
lg -4l

(4.2) d

<G ( sup |u|+ sup d§|A0u|) (log# + 1) ,

B(te)  B(ke) lg -4

where d,; = min(d,, d;), and d, is the Euclidean distance of a point ¢’ to
634(% g). Here and in what follows, the notation B,(¢) denotes the Euclidean
ball of radius ¢ with center at ¢. Let ¢ and 4 as in the lemma, then

(4.3)  1&Vou(q) — &Vou(9)| < |g — &l|Vou(q)| + &Vou(q) — & Vou(g)|.
By (4.1), and the assumptions on ¢ and ¢,
(4.4) lg — &l1Vou(q)| < dg|Vou(q)| < C,4.
First by choosing 8 < %, then by (4.1) and (4.2), we have
. 1 -g d; i

8 |Vou() = g Vould)] < CoCi 7 "’dw"' ( log =G|+ 1) :
Since J%:qu < ﬁ and that tlogt — 0 as ¢ — 0, we can choose B sufficiently
small such that

lg — (ﬂ ( dq q )
4.5 log —24 | +1) <e.
(4:5) dyg 8lg—d]
By (4.3)-(4.5), we have
g Vou(q) — 2 Vou(@)| < C1 B + C1Ca(1 + f) ——

1 _ B :
2
The lemma follows by choosing f < € and sufficiently small.

Suppose & : ]Ii2 — N _is a proper harmonic map such that when viewed
as a map from D2 to D? is C! up to the boundary. Using the upper half-
space model for the domain and target, 2 can be expressed as A(x,y) =

(f(x,y), 8(x,)).

Lemma 4.2. Let h be a proper harmonic map from H? to N, which is C' up
to the boundary. Let p; — o = (0, 0) in the domain such that q; = h(p;) =
(f, g) for some f with g; — 0. Suppose h is not conformal at (0, 0) then
giu(gi) — 1 as i —oo.

Proof. Let V be the intersection of B,(r) and the upper half-space containing
all p; in the domain, and let U be the intersection of B,(r) and the upper
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half-space in the target containing all ¢;, where ¢ = (f, 0) . Since & is C 1
up to the boundary, there is a constant C3 > 1 such that forall p, p' eV

(4.6) |h(p) — h(p)| < C3lp - P'l.
In particular, if p; = (x;, y;), since h(x;, 0) = (f;, 0) we have
(4.7) & < Gy

Given e >0let 0< 8 < % be the constant in Lemma 4.1 for the neighborhood
U.Let g = %’L , then €; < By; < %yi because of (4.7). Therefore B, (¢;) lies
in the interior of the upper half-space. Without loss of generality, since €; — 0
as i — oo, wemay assume that B, (¢;) liesinside V' forall /. By the argument
of [L-T 2], there is a sequence {p;} such that |p; — p;| < €; and
(4.8) € Ao f(Pi) = 0
as i — oo. If we write §; = h(p;) = (f;, &), then by (4.6), we have
lgi — Gil = |h(pi) — h(Pi)| < Cilpi — Bil

< Cie; = Bgi.

Since A is harmonic, using (3.5) in the rectangular coordinates (x, y) for the
domain and (f, g) for the target, we have

g0f = g1 (IVogl? - [V0/12) = 2(g 42— 1) (VoS , Vog)

(4.9)

and
gh0g = — (g1~ 1) (IVogl? ~ [VofI?) = 28 u1(VoS, Vog),

where u; = % oh and u; = §% o h. Therefore, (4.8), (4.9) and the definition
of €; implies that
(4.10)

&i11(@) (VoS P(5:) - IVogP(5:)) +2(di2(d@) — 1) (VoS (B), Vog(#)) — 0
as i — co. By (4.9) and Lemma 4.1,
(4.11) 18 uk(di) — & ur(di)| < €

for all i and for k =1, 2. Since 4 is C! up to the boundary, because of
(4.1), (4.10), and (4.11), we see that
lim sup | g; uy(q;) (IVof P(pi) — |V0g|2(pi))

1—00

+2(qa(a) — D (V/(p). Tog (0)
< 4¢C}.
Letting € — 0, this implies that
giu1(ai) (|V0f|2(pi) - |Vog|2(17i)) +2(qi u2(g:) — 1) (Vo f(pi), Vog(pi)) = 0,
as i — oo. Similarly, one can also prove that

(giua(@i) = 1) 190/ 12(0:) - 1V0812(P1)) - 24:11(a)(Vo S (pr), Vog(p)) = O
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as i — oo. The estimate (4.1) asserts that

((gi uz(gi) — 1)* + (giul(qi))z) (|V0f|2(17i) - lvoglz(Pi)) -0,
and
((gi uz(qi) — 1)* + (& ul(qi))z) (Vof(pi), Vog(pi)) — 0
as i — oo. If h is not conformal at (0, 0) then

8&ux(g)—1-0
as i — oo, and the proof of the lemma is completed.

Lemma 4.3. Let h be a proper harmonic map from H? onto N which is C!
up to the boundary when viewed as a map from D? to D?2. Suppose that the
boundary map has nowhere vanishing energy density then h is conformal at

every point of the boundary.

Proof. Let us first prove that # must be conformal at some boundary point.
Assuming the contrary, since the boundary map has nowhere vanishing energy
density 4 must be surjective. Let (f, 0) be a boundary point in the target.
Consider any sequence g; — 0, and let g; = (f, g;). Since A is onto, there
exists p; in the domain so that 4(p;) = g;. Passing to a subsequece, we may
assume without loss of generality that p; — (0, 0). Since % is not conformal
at (0, 0), Lemma 4.2 asserts that

&iuxg)—1-0

as i — oo. Since {g;} is an arbitrary sequence we conclude that gu(g)—1 — 0
as g — 0, where ¢ = (f, g). However this implies that # is unbounded,
which is a contradiction. Hence # must be conformal at some point at the
boundary. Since 4 is C! up to the boundary, the set of boundary points
at which & is conformal is closed. Using the upper half-space model for the
domain and the target. Suppose # is conformal at (0, 0), then g,(0,0) # 0
because fx(0, 0) # 0 and g,(0, 0) =0. Hence g, # 0 near (0, 0). However,
at a boundary point (x, 0) so that g, # 0, A is alocal C! diffeomorphism.
Therefore if h(x, 0) = (f, 0), then for any g; — 0, and if ¢; = (f, g;) one
can find a sequence p; — (x, 0) such that A(p;) = g;. If h is not conformal at
(x, 0), then by Lemma 4.2, we have g; u>(f, g/) = 1 as i —» oco. Since g; —» 0
is an arbitrary sequence, so guy(f, g)—1— 0 as g — 0 . This is impossible
since u is bounded. Therefore 4 is conformal in a neighborhood of (0, 0)
on the boundary. Hence the boundary points at which # is conformal is also
open. Since # is conformal at some boundary point, so 4 must be conformal
everywhere at the boundary.

Theorem 4.4. Let N be a hyperbolic Hadamard surfaces. Suppose hy, and h, are
two proper harmonic maps from H? — N such that when viewed as maps from
D’ to D° they are C'. If the maps h, and h, when restricted to the boundary
are given by the same boundary map ¢ : S' — S! which has nowhere vanishing
energy density, then hy = h;.

Proof. By Lemma 4.3, both #; and h, are conformal on the boundary of
D’. Following the proof of Theorem 1.1 in [L-T 2] we conclude that the dis-
tance between the two maps with respect to the hyperbolic distance satisfies
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dy2(hy(p), ha(p)) — 0 as p — co. The fact that N is quasi-isometric to H?
implies that dy(h;(p), h2(p)) — 0 as p — oco. Moreover the assumption that
N has non-positive curvature implies that dy(h(p), h2(p)) is subharmonic.
The maximum principle asserts that dy(h;, h;) = 0 and hence h; = h;.

(A]
[C-T]
[C-Y]

[G-T]
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